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We discuss relationships between the McShane, Pettis, Talagrand and Bochner integrals. 

Introduction A large number of different methods of integration of Banach-space-valued functions have 
been introduced, based on the various possible constructions of the Lebesgue integral. They commonly run 
fairly closely together when the range space is separable (or has w*-separable dual) and diverge more or 
less sharply for general range spaces. The McShane integral as described by [Go90] is derived from the 
'gauge-limit' integral of [McS83]. Here we give both positive and negative results concerning it and the other 
three integrals listed above. 

1 A Definitions We recall the following definitions. Let (S, S, fi) be a probability space and X a Banach 
space, with dual X*. 

(a) A function <f> : S — ► X is Pettis integrable if for every E £ E there is a we £ X such that 
J E f (<j)(x)) fj,(dx) exists and is equal to J(we) for every / e X*; in this case ws is the Pettis integral of <f>, 
and the map E i— > we ■ S — > X is the indefinite Pettis integral of <\>. 

(b) A function <j> : S — > X is Talagrand integrable, with Talagrand integral w, 

if w = linin^oo i X^i<n 0( s ») f° r almost all sequences (si)ieN £ S , where 5 N is given its product prob- 
ability. (See [Ta87], Theorem 8.) 

(c) A function <f> : S — > X is Bochner integrable, with Bochner integral w, if for every e > we can 
find a partition Eq, . . . , E n of S into measurable sets and vectors xq, . . . ,x n £ A and an integrable function 
h : S — > R such that J h < e, ||0(f) — a^U < fc,(t) for t e Ei, i < n and ||u> - X)i< n II < e - 

IB Now we come to an integral which has been defined for functions with domains which are intervals 
in R. In fact it can be satisfactorily generalized to very much wider contexts; but as the extension involves 
ideas from topological measure theory unnecessary for the chief results of this paper, we confine ourselves 
here to the original special case. 

Definitions A McShane partition of [0, 1] is a finite sequence (([at, 6,-], £i))j<n such that ([ai,bi])i< n is a 
non-overlapping family of intervals covering [0, 1] and ti G [0, 1] for each i. A gauge on [0, 1] is a function 
S : [0, 1] — * ]0, oof. A McShane partition (([ai,bi],ti))i< n is subordinate to a gauge d if ti — S(ti) < «j < 
bi < U + S(ti) for every i < n. 

Now let A be a Banach space. Following [Go90], we say that a function <j> : [0,1] -» I is McShane 
integrable, with McShane integral w, if for every e > there is a gauge S : [0, 1] — » ]0, oo[ such that 
— J2i< n (bi ~ a i)4>(ti)\\ < e f° r every McShane partition (([fli, h], U))i< n of [0, 1] subordinate to 5. 

1C Summary of results With four integrals to play with, a good many questions can be asked; and the 
situation is complicated by the fact that certain natural restrictions which may be put on the space X and 
the function <f> change the answers. We therefore set out the facts in a semi-tabular form. We give references 
to the literature for those which are already known, and references to paragraphs below to those which we 
believe to be new. 

(a) Consider first the situation in which no restriction is placed on the Banach space X nor on the 
function <fi : [0, 1] — > X. In this context, a Bochner integrable function is Talagrand integrable, a Talagrand 
integrable function is Pettis integrable, and the integrals coincide whenever defined ([Ta87], Theorem 8). 
A Bochner integrable function is McShane integrable ([Go90], Theorem 16) (in fact, a measurable Pettis 
integrable function is McShane integrable - see [Go90], Theorem 17); a McShane integrable function is 
Pettis integrable (2C below). 
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None of the implications here can be reversed. To see this, it is enough to find a McShane integrable 
function which is not Talagrand integrable (3A, 3G) and a Talagrand integrable function which is not 
McShane integrable (3E). 

(b) Now suppose that the unit ball B\(X*) of the dual A* of X is separable and that <p is bounded. In this 
case, a McShane integrable function must be Talagrand integrable (2M). We ought to observe at this point 
that in these circumstances the continuum hypothesis, for instance, is enough to make any Pettis integrable 
function Talagrand integrable ([Ta84], 6-1-3), and that it remains conceivable that this is a theorem of ZFC 
(see [SFp90]). But our result in 2M does not depend on any special axiom. 

In this context it is still true that a McShane integrable function need not be Bochner integrable (3F) 
and that a Talagrand integrable function need not be McShane integrable (3E). 

(c) If we take X to be separable, but allow <j> to be unbounded, then the Bochner and Talagrand integrals 
coincide (see 2K below), and the McShane and Pettis integrals coincide (2D). 

There is still a McShane integrable function which is not Talagrand integrable (3G). 

(d) For separable X and bounded <p, the Bochner and Pettis integrals coincide (2K), so all four integrals 
here coincide. 

(e) Finally, the same is true, for unbounded 4>, if X is finite-dimensional, 
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2. Positive results In this section we give our principal positive results. A McShane integrable function is 
Pettis integrable (2C); using this we are able to prove a convergence theorem for McShane integrable functions 
(21) with some corollaries (2J). We conclude by showing that a bounded McShane integrable function from 
[0, 1] to a space with w*-separable dual unit ball is Talagrand integrable (2M). 

2 A We approach the first result by means of the 'Dunford integral'. Recall that a function <p ■ [0, 1] — > X 
is Dunford integrable if hep ■ [0, 1] — ► K is integrable for every h £ X*; in this case we have an indefinite 
Dunford integral v : £ — > X** , where X is the algebra of Lebesgue measurable subsets of [0, 1], given by 
the formula (vE)(h) = J E hep for every h £ A*, £eS ([Ta84], 4-4-1 or [DU77], p. 52, Lemma 1). Thus a 
Pettis integrable function is just a Dunford integrable function whose indefinite integral takes values in X 
(identified, of course, with its canonical image in A**). Now we have the following general characterization 
of Pettis integrable functions on [0, 1] (which in part, at least, is already known; cf. [Dr86], 4.2). 

2B Proposition Let A be a Banach space and (f> : [0, 1] — > X a Dunford integrable function with 
indefinite integral v : £ — > X**. Suppose that v{[a,b\) £ X for every subinterval [a,b] of [0,1]. Then the 
following are equivalent: 

(i) <j> is Pettis integrable; 

(ii) for every sequence {[ai,bi))i & ^ of non-overlapping subintervals of [0, 1], E ieN v {[ a i-> bi]) exists in X 
(for the norm of A); 

(iii) for every e > there is an r\ > such that \\vE\\ < e whenever \xE < r/; 

(iv) v is countably additive. 

proof (i)^(ii) is a theorem of Pettis (see [DU77], II.3.5). 

(ii)=^(iii) The point is that {h(f> : h £ Bi(X*)} is uniformly integrable. To see this, it is enough to show 
that 

li mrwoo sup{ J Gn \fuf>\ : h £ Bi (A*)} = 
for every disjoint sequence (G n ) ng N of open sets in [0, 1] (see [Di84], VII. 14). But given such a sequence, and 
a sequence (/i n )r»eN in Si (A*), set a n — j G \h n <p\ for each n. Then we can find for each n a set F n C G n , a 
finite union of closed intervals, such that f F \h n <p\ > a n — 2~ n . Now we can find a sequence ([a^, &i])i<=N of 
non-overlapping intervals, and an increasing sequence (fc rl )„ e N of integers, such that F n — Ufe„<i<fc„ +1 [ a iibi] 
for each n. So 

«n-2-"<||E fcB <i<fc B+1 K[oi,6i])ll 
for each n. But as X) ieN v{[a,i, bi}) exists in A**, linin^oo a n = 0, as required. 
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Now it follows that for every e > there is an r\ > such that J E \h<j)\ < e whenever h G Bi(X*), E G X 
and \xE < r], writing fj, for Lebesgue measure; so that ||zaE|| < e whenever fiE < -q. 

(iii) =^>(iv) is elementary. 

(iv) =>(i) Our original hypothesis was that vE G A for intervals E; it follows that vE G X whenever E 
is a finite union of intervals. Because v is countably additive, vE 6 X whenever E is open, and therefore 
whenever E is Gs; but also of course vE = G X whenever [iE — 0, so vE G X for every BeS, and is 
Pettis integrable. 

2C Theorem Let X be a Banach space and <j> : [0, 1] — > X a McShane integrable function. Then is 
Pettis integrable. 

proof As remarked in [Go90], Theorem 8, </> is Dunford integrable; let v : X — > X** be its indefinite Dunford 
integral. We know also that v([a,b\) G X for every subinterval [a,b] of [0,1] ([Go90], Theorem 4). So we 
seek to show that (ii) of 2B above holds true. 

Let e > 0. Let <5 : [0,1] — > ]0,oo[ be a gauge such that ||z/([0, 1]) — Ei<n(^ — ai)(j>(ti)\\ < e when- 
ever (([a,, bi\, U))i< n is a McShane partition of [0, 1] subordinate to S. Fix a particular McShane partition 
(([oj, &j],ti))i<„ of [0, 1] subordinate to (5, and set M = sup i<n ||0(ij)||. Wc claim that if E C [0, 1] is a finite 
union of closed intervals then \\vE\\ < MfiE + 2e. To see this, express E as [Jj <m [cj 7 dj] where the [cj, dj] 
are non-overlapping, and let r\ > 0. For each i < n, we can express [a», &»] \int fiasa (possibly empty) finite 
union of non-overlapping intervals [a,fc, 6jfe] for fc < r(i); write = tj for i < n, k < r(i). Then we see that 

II E l <„( & » - ai)4>(U) - E l <„ E fc <r( 4 )(^fc " a<fc)0(**fe)|| < MfiE. 
Next, for each j < m we can find a McShane partition (([cj/t, djk], Ujk))k< q (j) of [cj,dj], subordinate to S, 
such that 

IK[ c j> d j]) - Y,k<q{j)i d 0k - Cjk)4>(Ujk)\\ < V- 

Assembling these, we see that (([aik,bik],tik))i< n ,k<r(i) and (([ c jk,djk],Ujk))j< m ,k< g (j) together form a 
McShane partition of [0, 1] subordinate to 6, so that 

IK[0, 1]) - E»<„,fc<r(i)( 6 ifc - a ik)<P(Uk) - Ej< m ,fe<g(j)( C jfc ~ d jk)<M*jfc)ll < e - 

Also, of course, 

IK[o,i])-E<<„(6i-ai)^)ll<e. 

Putting these formulae together, we get 

II Ej< m v{[cj, dj})\\ < MfiE + 2e + m V . 
But r\ was arbitrary, so \\vE\\ < MfiE + 2e, as claimed. 

Now this means that if ([cj,dj])j^ is any sequence of non-overlapping intervals, 

limsup TO ^ 00 sup,> m || E m <j<; "(fa, dj])\\ < 2e. 
But of course e was arbitrary, so the limit must actually be 0; accordingly EjeN v (\ c ji is defined. 
Thus (ii) of 2B is satisfied, and <j> is Pettis integrable. 

2D Corollary Let A be a separable Banach space. Then a function (j) : [0, 1] — > X is McShane integrable 
iff it is Pettis integrable. 

proof If is Pettis integrable, it is measurable, because X is separable; so it is McShane integrable by 
Theorem 17 of [Go90]. Now 2C gives the reverse implication. 

2E As a further consequence of 2C we have the following. 

Theorem Let A be a Banach space and <j> : [0, 1] — > A a McShane integrable function. Then for any 
measurable E C [0, 1] the function <f>E — <t> x x(F) ■ [0, 1] — > X, defined by writing </>#(£) — <f>(t) if t G E and 
otherwise, is McShane integrable. 

proof Again write v for the indefinite integral of <j>; we now know that v takes all its values in A. Let e > 0. 
By 2B, we can find an r] > such that \\vH\\ < e whenever \iH < r\. Let F\ C E, F 2 C [0, 1] \E be closed sets 
such that fiFi + [iFi > 1 — 77. Let <5 : [0, 1] — > ]0, 00 [ be a gauge such that ||^([0, 1]) — Ei< n (^ — a »)0(**)ll ^ 6 
whenever (([at, bi], ti))i< n is a McShane partition subordinate to <5. Let 5\ : [0,1] — > ]0,oo[ be such that 
<5i(t) < for every i and [i - + PI Fj = whenever t £ Fj, for both j e {1, 2}. 

Suppose that (([fli,6i],ti))i< n is a McShane partition of [0,1] subordinate to <5i. We seek to estimate 
\\vE - E 4 < n ( fo i - Set / = {i : i < n, U G E}, H = \J i€l [a,i,bi], Then wc must have Fi C H C 
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[0, 1] \ F 2 . Consequently /i(HAE) < rj and \\vE - vH\\ < 2e. But now recall that by Theorem 5 of [Go90] 
we know that \\vH — ^2 ieI {bi — ai)<j){ti)\\ < e. So 

- Ei< n (bi - <H)(f>E(U)\\ = \\vE- E ieJ (6i - Oi)0(ti)|| < 2e. 
As e is arbitrary, is McShane integrable. 

2F For the next theorem of this section, we need to recall some well-known facts concerning vector 
measures. Suppose that £ is a cr-algebra of sets and A a Banach space. 

(a) Let us say that a function v : £ — > A is 'weakly countably additive' if /(KUieN ^»)) = EiGN f{ v ^i) 
for every disjoint sequence {Ei) ie ^ in £ and every / G X*. The first fact is that in this case v is countably 
additive, that is, EigN^' is unconditionally summable to "(UieN-^i) ^ or ^ e norm topology whenever 
(Ei) il£N is a disjoint sequence of measurable sets with union E ('Orlicz-Pettis theorem', [Ta84], 2-6-1 or 
[DU77], p. 22, Cor. 4). 

(b) If now (j, is a measure with domain £ such that vE = whenever iiE = 0, then for every e > there 
is a 5 > such that \\uE\\ < e whenever < (5. ([DU77], p. 10, Theorem 1.) 

(c) Thirdly, suppose that (v n ) n ef>i is a sequence of countably additive functions from £ to X such that 
vE = linin^oo v n E exists in X, for the weak topology of X, for every E £ T,; then v is countably additive. 
(Use Nikodym's theorem ([Di84], p. 90) to see that v is weakly countably additive.) 

2G Lemma Let X be a Banach space. If (j> : [0, 1] — > X is McShane integrable with McShane integral w, 
then 

\\ w \\<lU(t)\Hdt). 

proof Take any / in the unit ball of X*. By [Go90], Theorem 8, f(w) is the McShane integral of f<j> : 
[0, 1] — > M, and by 6-4 and 6-5 of [McS83] this is the ordinary integral of /</>. So we have 

\fM\ = \Jf<t>\<f\f<t>\<S\\4>\\. 

As / is arbitrary, \\w\\ < f\\(f>\\- 

2H Lemma Let X be a Banach space and 4> : [0, 1] — > A a McShane integrable function; let e > 0. Then 
there is a gauge <5 : [0, 1] — > ]0, oo[ such that || / B </> — Ei<« M^j^OH ^ e whenever £b, • ■ • ,E n are disjoint 
measurable subsets of [0, 1], to, . . . , t n £ [0, 1] and i£j C [tj — <5(i,), ^ + S(U)] for every i. 

proof Let S be a gauge such that || J — Ei<n(^ — a j)<M*j)ll < e whenever (([a^, 6,], U))i< n is a McShane par- 
tition of [0, 1] subordinate to <5. Let Eq,. . . , t n be as in the statement of the lemma; set M = maxi< n ||</>(£j)||. 
Take rj > 0; let rj' > be such that (n + l)Mrj' < rj and l/^^H < r\ whenever jiH < (n + l)rf 
(see 2B(iii)). Then we can find a family ([aij,bij])i< n ,j<r(i) of non-overlapping closed intervals such that 
/i(£' i A(J ;) -< r ^[a i ,6j]) < 77' and £, - 6(U) < a {j < b io < U + S(U) for each i < n, j < r(i). Write Uj = U for 
i <n, j < r(i). Then (([a^, 6^- ] , tij))i< n ,j<r(i) can be extended to a McShane partition of [0, 1] subordinate 
to S. So writing F { = Uj<r(i) Kj, M for each i, F — |Ji<„ ^i, we have 

WU^- T,i< n ,j<r(i)( b ij - < 6 

by [Go90], Theorem 5; that is, 

ll/f0-Ei<n^(*OH<e. 

Next, 

\\f E <f>-f F 4>\\<e 

because n(EAF) < (n + l)r/. Also 

II Ei< n »Fi<t>(ti) ~ Ei<n^(*0ll ^ M(n + IK < 7?. 

Putting these together, 

ll/ £ ^-Ei<„^(*i)ll<e + 2»?; 

as rj is arbitrary we have the result. 

21 Theorem Let A be a Banach space. Let (<^> n ) n eN be a sequence of McShane integrable functions from 
[0, 1] to A, and suppose that 4>{t) = limyj^oo <j> n (t) exists in A for every t £ [0, 1]. If moreover the limit 

vE = lim^oo f E <j) n 

exists in A, for the weak topology, for every measurable E C [0,1], (f) is McShane integrable and j 4> — 
"([0,1])- 
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proof Fix e > 0. Write fj, for Lebesgue measure, £ for the algebra of Lebesgue measurable subsets of [0, 1]. 

(a) For te[0,l],ngN set q n {t) = sup J>i>n ||0j(t) — For each t, write r(i) = min{n : q n (t) < 
£, ||<H*)|| < n }: set A k — {t : r(t) — k} for each k. For each k E N, let W k ^ i 4 be a measurable set with 
/J,*(Wk \ Ak) = 0; set V k — W k \Uj<fc Wj f° r ea ch ^> so that (Vfc)/^ is a disjoint cover of [0, 1] by measurable 
sets, and A k C U - <fc Vj and fi*(V k \ Afc) = for each k. For each k, write V fe * = {J J<k Vj = {J j<k Wj; take 
r/k > such that < 2 _fc e whenever [iE < rj k (sec (b) and (c) of 2F above); let G k 2 V k * be an open set 
such that fi(G k \ V k *) < min(r] k ,2^ k e). 

(b) If k G N and E C ]/ fc * is measurable, then ||zaE — / B (j) k \\ < efiE. To see this, it is enough to consider 
the case E C Vj where j < k. In this case, observe that 

11^ - Jb^II < li msu P n ^oo II /jj^n - J E M < sup„> fe / s \\<j) n (t) - (j) k {t)\\n{dt) 
by Lemma 2G. Now fi*(E \ Aj) = and for t E Aj we have — 0fe(*)ll < < e f° r every n > k, so 

for every n> k, giving the result. 

(c) For each k E N let S k : [0, 1] — > ]0, oo[ be a gauge such that 

ll/ B 0fc-Ei<„^fc(*i)ll <2- fe e 
whenever E , . . . ,E n are disjoint measurable sets with union £7 and to, • • • ,t n £ [0, 1] are such that Ei C 
[*» — S k (ti),ti + 5h(U)] for each i; such a gauge exists by Lemma 2H. Choose 6 : [0, 1] — » ]0, oo[ such that 
,5(t) <min(e,4W) and [0,l]n[t-(5(i),t + (5(t)] CG fe forte A fe . 

(d) Let (([a,, t,))ieN be a McShane partition of [0, 1] subordinate to 6. We seek to estimate ||f([0, 1]) — 
io||, where w = Ei<™(^ ~ a i)4>{U)- 

Set I k = {i : i < n, ti £ A k } for each k; of course all but finitely many of the I k are empty. For i E I k , 
set Ei = [a u bi] n ^ fe *. We have [a,, 6,] C - S(U),U + 5{U)] C G fc , so &i] \ < 2- fe e, and 

Sie/fc A*([^i, &*] \ i?i)||0(ti)|| < 2~ fc fce, because ||<£(i)|| < k for t E A k . Consequently, if we write 

we shall have \\w — w\ \\ < EfceN 2~ fe fce = 2e. 

For each i < n, let k(i) be such that ti E A k ^y Then we have \\<f>(ti) — (j>k(i)(ti)\\ < e f° r each i. So 

E l < n ^\\m - <Pk(i)(ti)\\ < Ei< n (h - Oi)c < e, 

because ([ai,6j])j<„ is non-overlapping. Accordingly, writing 

W 2 = Ei<„^^fe(i)(*i), 

we have ||u> — ui 2 || < 3e. 

Set £ffe = \J{Ei : i E I k } for each fc. Because Ei C — 5h{U),ti + S k {U)] for each i e 4, we have 

IIE 4e 7 fc ^^fe)-/ fffc ^ll <2- fc e. 

Consequently, writing 

we have ||io — ui 3 || < 5e. 

Next, for any k, H k C V fc *, so we have 

||i/i?fc - J Hk (f) k \\ < efj,H k , 
by (b) above. So writing W4 — Efcew^-^fe we have \w-& — w±\ < e and \\w — W4W < 6e. 

If we set H' k = U{[ fl iA] : * G h}, then ^(iJ^. \ < r/ k , so that - vH k \\ < 2~ k e, for each k. 

Accordingly \\w — w^\\ < 8e, where 

«5 = Efc e N^fc = KUfc e N ff fc) = KUi<n[«iA])=K[0,l])- 

As e is arbitrary, J exists and is equal to ^([0, 1]). 

Problem In this theorem we are supposing that tfi(t) = linin^oo <j) n (t) in the norm topology for every t. Is 
it enough if <p(t) is the weak limit of {4> n (t))n£N for every tl 

23 Corollary Let X be a Banach space. 

(a) Let ((f> n )n£fi be a sequence of McShane integrable functions from [0,1] to X such that <j)(t) = 
lim^oo 4> n (t) exists in X for every t E [0, 1]. If 

C = {fcj> n :f&X*, 11/11 <l,neN} 
is uniformly integrable, then <fi is McShane integrable. In particular, if {||0 n || : n G N} is dominated by an 
integrable function, then (f> is McShane integrable. 
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(b) Let <j) : [0, 1] — > X be a Pettis integrable function and (Ei)i^ a cover of [0,1] by measurable sets. 
Suppose that <\> x x(Ei) is McShanc integrable for each i. Then <f> is McShane integrable. 

proof (a) The point is that <f> n , <j) satisfy the conditions of Theorem 21. To see this, take £eE and e > 0. 
Because C is uniformly integrable, there is an rj > such that J H \g\ < e whenever g G C and /iH < r\\ 
consequently || J H <f> n \\ < e for all n G N whenever H G X and /it-ff < r\. Now set 

A„ = {t : Ui{t) ~ <Pj(t)\\ <e V i, j>n}; 
then (A n )„ S N is an increasing sequence with union [0, 1], so there is an n such that yu* A n >1—T). Let GeE 
be such that A„ C G and /iG = [J,*A n . Then whenever i, j > n we have 

ll/snc ^ -JsnG^II < J^ nG ll&(*)-&(*)IIM*) </^sup teA „ ||&(i) - ^(t)\\ < e. 
Also || f E \ G (f>i\\ and || / B ^ G <j>j \\ are both less than or equal to e, so || J B ^ — J E <pj \\ < 3e. This shows that 
(J E <fii}ieN is a Cauchy sequence and therefore convergent, for every E G £. Accordingly the conditions of 
21 are satisfied and </> is McShane integrable. 

(b) We apply 21 with <j> n (t) = <j>(t) for t G Ui<„ ^ elsewhere. 

Remark Part (a) is a version of Vitali's lemma. Part (b) is a generalization of [Go90], Theorem 15. 

2K We now give a result connecting the McShane and Talagrand integrals. Recall that if (S, £,/u) is a 
probability space, a set A of real-valued functions is stable (in Talagrand's terminology) if for every BgE, 
with fiE > 0, and all real numbers a < (3, there are m, n > 1 such that fi^ n+n Z(A, E, m, n, a, (i) < ([iE) m+n 7 
where throughout the rest of paper we write Z(A, E, /, J, a, (3) for 

{(*,«) : t G £ 7 , u G £ J , 3 / G A, /(*(*)) < a V i G /, /(u(j)) > P V j G J}, 
and ^m+n i s the ordinary product outer measure on S m x S n . Now if X is a Banach space, a function 
(f> : S — > X is properly measurable if : /i G X*, ||/i|| < 1} is stable. Talagrand proved ([Ta87], 
Theorem 8) that 4> is Talagrand integrable iff it is properly measurable and the upper integral f\\cp(t)\\fi(dt) 
is finite. 

In particular, a Talagrand integrable function <f) ■ S — ► X must be scalarly measurable for the completion 
of ji ([Ta84], 6-1-1). So if X is separable, <f> must be measurable for the completion of [i ([DU77], II. 1.2 or 
[Ta84], 3-1-3); now as J \\<p\\dfi < oo, (f> is Bochner integrable. 

2L Proposition Let AT be a Banach space such that the unit ball of X* is w*-separable. If <p : [0, 1] — > X 
is a McShane integrable function then it is properly measurable. 

proof Let w be the McShane integral of <j>. Set A — {h(f> : h G X* , \\h\\ < 1} C Rl ' 1 !; we have to show that 
A is stable. Note that because the unit ball of X* is separable for the w*-topology on X*, and the map 
h i— > h<j> : X* — > Ml 0,1 ! is continuous for the w*-topology on X* and the topology of pointwise convergence 
on K[°' 1 l ; A has a countable dense subset Aq. 

Take a non-negligible measurable E C [0, 1] and a < a 1 < f3' < (3 in M. For m, n > 1 set H mn = 
Z(A, E,m,n,a, (3), H' mn = Z(Aq, E,m,n,a' , /?'); then i? TOTJ C if^m and -ff„„ i s measurable for the usual 
(completed) product measure on E m x E n . We seek an m with ^2 m H' mm < (fiE) 2m 7 writing fi for Lebesgue 
measure on [0, 1] and n^m for Lebesgue measure on [0, l] m x [0, l] m . 

Set e = g(/3' — a')fiE, and choose a function 5 : [a, b] — > ]0, oo[ such that ||w — Xli<n(^ — a i) < / , (^i)ll < 6 
for every McShane partition (([aj, U))i< n of [a, 6] subordinate to (5. 

Take fc > 1 such that n*D > \^E, where D = {s : s G <5(s) > t}. Let ([a i; 6j])i< TO be an enumeration 
of the intervals of the form [|, which meet D in a set of positive measure; set G — [J i<m ]ai, bi[, so that 
G is open and fiG > \[iE. 

Now suppose, if possible, that \iimEl' mm — {\iE) 2m . The set 

{(t,u):t,ueU 1<m (Dn]a i ,h[)}CE m xE m 
has non-zero outer measure, so must meet H' mm \ take (t, u) in the intersection. Write A(s) = {s' : \s' — s\ < 
min(5(s), i)} for each s G [0, 1]. Let {t{i)) m <i<n be a finite sequence in [a,b] \ G such that [a, b] \G C 
U m <,<„ ^(^(*))- Because [a, 6]\G is itself a finite union of closed intervals, we can find a family ([a*, bi]) m <i< n 
of non-overlapping closed intervals such that [0, 1] \ G = U m <i<„[ a ij h] and t(i) G [aj,6j] C A(^) for each 
i. Now if we set u(i) = t(i) for m < i < n, we see that (([<Xi, &»], t(i)))»<n and (([a^, u(i)))i< n are both 
McShane partitions of [a, 6] subordinate to <5. So we must have 

IIEi<„(6i-Oi)(^W)-0(«(i)))ll<2e. 
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Now (t, u) G H' mm , so there is an / G A such that f(t(i)) < a' and f(u(i)) > (3' for every i < m. f is of 
the form h<j> for some ft. of norm at most 1, so 

\Ei<m(bi-ai)(m))-f(u{i)))\<2e. 
However, f(t(ij) < a' for each i and ^2 i<m (bi — flj) = /uG, so 

E i<m (b t - ai )f(m)<a^G; 
similarly X)i< m ( b » - aj)/(u(i)) > and we get 

2e > (/?' - o/)mG > iP' - a')\nE = 3e, 

which is absurd. 

2M Corollary Let X be a Banach space such that the unit ball of X* is w*-separable. If <j> : [0, 1] — > X 
is McShane integrable and f\\(fi(s)\\n(ds) < oo, then is Talagrand integrable. 
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3. Examples In this section we give examples to show that the results above are more or less complete in 
their own terms. In particular, a McShane integrable function need not be Talagrand integrable (3A, 3G) 
and a Talagrand integrable function need not be McShane integrable (3E). 

3A Example There is a bounded McShane integrable function <f> : [0, 1] — > which is not properly 

measurable and therefore not Talagrand integrable. 

proof Enumerate as (H^)^ <c the family of all Borel subsets of any power [0, l] n of the unit interval which 
have positive Lebesgue measure in the appropriate dimension. Then we can choose inductively a disjoint 
family (D ( ) (<c of finite sets such that n H ( ^ for each £, taking fc(£) such that C [0, l] fe(5) . 

Define <f) ■ [0, 1] — ► £°°(c) by saying that <p(s) = when s G D^, when s G [0, 1] \ U^< c writing for 
the unit vector of £°°(c) with e^(ry) = 1 if 77 = £, otherwise. 

To see that <p is McShane integrable, with integral 0, let e > 0. For each £ < c let G$ 2 be a relatively 
open subset of [0,1] of measure at most e; let <5(s) be the distance from s to [0,1] \ G$ if s 6 Z^, 1 if 
s G [0, 1] \ U^< c If (([o», &»], t»))»ei is any McShane partition of [0, 1] subordinate to 6, then 

l(E ie j(fci-Oi)^))(0l = E i6 j, ti6 ^(i'i-Oi)<MG ! €<c 
for any J C 7, £ < c, so that 

for every finite J C I. As e is arbitrary, <p is McShane integrable, with integral 0. 

To see that <f) is not properly measurable, set 

A = {h<j>:h£(£°°(c))*, \\h\\<l}, 
and consider, for m, n > 1, the set H mn = Z(A, [0, 1], to, n, 0, 1). 

Suppose, if possible, that there are m, n > 1 such that (/z)^ 1+n 7J m „ < 1. In this case there is a non- 
negligible measurable H C ([0, l] m x [0, l] n ) \ H mn . Set 

fl' = {«:«£ [0, 1]™, {p) n {t : (t, u) G if} > 0}; 
then /i„i?' > 0, so there is a £ < c such that C iT, and a u G n Now if" 1 ^}] = {i : (t, u) G i?} 
is non-negligible, and Z?£ is finite, so there is a t G i/ _1 [{w}] such that no coordinate of t belongs to D^. In 
this case, taking h^(x) — x(£) for x G f-°°(c), and / = h^(f> G A, we see that f(u(j j) = 1 for each j < n, but 
that f(t(i j) = for each i < to; so that (t, u) G H mn and (i, u) ^ H, which is absurd. 

Thus <f> is not properly measurable and therefore not Talagrand integrable. 

Remark Observe that <p is not measurable, and either for this reason, or because it is not Talagrand 
integrable, cannot be Bochner integrable. 

3B The next example will be of a Talagrand integrable function which is not McShane integrable. It 
relies on a couple of lemmas. 

Lemma Let (S, S, /j) be a probability space and BCI s a stable set of functions. Suppose that A C R s is 
a countable set of functions such that A \ U is stable whenever U is an open subset of R s (for the pointwise 
topology of R s ) including B. Then A is stable. 
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proof Let E G S be such that [iE > 0, and take a < (3 in R. Let m, n > 1 be such that 
( n m+n Z(B,E,m,n,a,(3) < ^E) m+n . Let G C (E m x E n ) \ Z(B, E,m,n,a, (3) be a measurable set of 
non-zero measure. For any (t, u) G G, we see that 

[/ f „ = {/:/et s ,]k n, f(t(i)) >a}U {/ : / G R s , 3 j < m, f(u(j)) < /?} 
is an open set including B, so A \ Utu is stable, and there are mm > 1, n tu > 1 such that 
Mm tll +«tu^(A U tu ,E,m tu ,n tu ,a,(3) < (/j,E) m ^ +ntu . Let p, g be so large that [i* m+n G\ > 0, where 

Gi = {(t, u) : (i, tt) G G, to + m tu < P, n + n tu < q}. 
Now observe that if (v,w) G Z(A, E,p, q, a, [3) and (t, u) = (v\m,w\n) G Gi then we must have an / G 
A such that f(v(ij) < a for every i and f(w(jj) > (3 for every j; but in this case / ^ U tu , so that 
\ m, u>|g \ n) G Z{A \ Ut u , E,p\m,q\n,a, (3). Because p — to > m tu , q — n > n tu we must have the 
measure of Z(A \ U tu , E,p\m,q\n,a, (3) strictly less than (/j,E) p ~ m+g ~ n . But this means that for every 
{t,u) G Gi, 

H P -m+q-n{(v, w) : (t~v,u~w) G Z (A, E,p,q, a, /?)} 
is less than (fiE) p ~ m+q ~ n . Because Z(A, E,p, q, a, [3) is measurable and ^* m+n G\ > 0, we see that 
H P+q Z(A, E,p, q, a, (3) must be less than ([iE) p+q . 
As a, (3, E are arbitrary, A is stable. 

3C Lemma Let H C R be a measurable set such that fi(H fl [a, b]) > whenever a < 5 in R, writing /x 
for Lebesgue measure. 

(a) If D is a non-negligible subset of R, then fi*(H n (t + £>))> for almost all teR. 

(b) If (fl n }„ g H is a sequence of non-negligible subsets of R, then there is a sequence (i„)„ e N such that 
t m G -D m and t m + t n G E whenever m < n G N. 

proof (a) Let £ be a Lebesgue measurable set such that D C E and (^)*(E \ D) = 0. The function 

1 1 > /j*(e n (t + £>)) = - *) n £>) = -t)n£) 

is continuous, so F = {t : fi(H(~)(t + D)) = 0} is closed. Let 9 be a translation-invariant multiplicative lifting 
of Lebesgue measure ([IT67]). Then 

(9(H) - t) n = 0(E - 1) n = 9((H - 1) n E) = 
for every t G E, so 0(E) n (0(E) + E) = 0. But n(9(H)AH) = so n(B(H) n [a, 6]) > whenever a < 6 
and 0(E) + E cannot include any interval. Consequently one of 9(E), F must be negligible ([Ru74], chap. 
8, exercise 12). But ^9(E) = [iE = [i* L D > 0, so [iF = 0, as claimed. 

(b) Choose t m , D nm inductively, as follows. Start with D n o = D n for every n. Given that fi*D nm > 
for all n > m and that U + 1 G H whenever i < m, t G \J n>m D nm , observe that by (a) we have 

H{t:3 n>m, [i(D nm D (H — t)) = 0} = 0. 
So we can find t m G D. mm such that /i* (D nm C\(H — t m )) > for every n > m. Set E„ !m+ i = D nm C\(H — t m ) 
for n > to, and continue. 

3D Lemma Let H C R be a measurable set such that fi(H n [a, b} ) > whenever a < 6 G R. Let C be 
the set of subsets G of [0, 1] such that s + t £ H whenever s, t are distinct members of G. Then the set B 
of characteristic functions of members of C is stable. 

proof Let E be a non-negligible measurable subset of [0, 1] and a < (3. If a < or (3 > 1 then 
Z(B,E, 1,1, a, /3) = 0. If < a < (3 < 1 then 

Z(B, E, 1, 2, a, /?) C {(£, (u , Ul )) : u = u x or u + u x £ H}. 
But we know from Lemma 3Ca that /j,{u : u G E, u + u G E} > for almost all u , so that 7 = /U 2 {(uo, u i) ■ 
u , ui G E, u + ui G H} > 0, and now fi 3 Z(B, E, 1, 2, a, (3) < ^E((^iE) 2 - 7) < (p.E) 3 . 

3E Example There is a bounded Talagrand integrable function cf> : [0, 1] — ► £°°(N) which is not McShane 
integrable. 

proof (a) Let H be an subset of R such that < [i(H f][a,b]) < b~ a whenever a < b in R; let (E„)„ g n 
be an increasing sequence of closed sets with union H. Let C, B C {0, l}! ' 1 ! be defined from H as in Lemma 
3D, so that B is stable. For each n G N let A n be the countable set of functions / : [0, 1] — > {0, 1} which 
have total variation at most n, jump only at rational points, and are such that min(/(s), f(t)) = whenever 
s < t and s + 1 G H n ; set A = U«eN Then we see that in the compact space {0, 1}[ 0,1 1 

riragN Ura>n A m C B. 
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Accordingly every neighbourhood U of B in IRl 0,1 ! must include all but finitely many of the A n . On the 
other hand, each A n is stable, being comprised of functions of variation at most n. So Lemma 3B tells us 
that A is stable. 

Enumerate A as (f n )neN an d define <f> : [0, 1] — > £°°(N) by setting (f>(t) — (f n {t)) n eN f° r cac h n G N. Then 
: /i G (i 00 )*, \\h\\ < 1} is precisely the balanced closed convex hull of A, which by [Ta84], 11-1-1, is 
stable. So <f) is Talagrand integrable (since of course ||</>(t)|| < 1 for every t). 

(b) But suppose, if possible, that is McShane integrable. Let w be its McShane integral, and let 
S : [0, 1] — > ]0, oo[ be such that ||u> — ^2 i<n (bi — a i )0(t i )|| < | for every McShane partition (([dj, 6j], U))i< n 
of [0,1] subordinate to <5. Let > 5 be such that D = {t : 8(t) > i} has outer measure at least |. Let 
([oi, 6j])i< m enumerate the intervals of the form [|, ^-] which meet D in a set of positive measure; then 
X — f • Set G = [J i<rn ]ai,bi[] then (as in the proof of 2B above) we can find (([ai,bi],ti)) m <i< n such that 

U m < 1<n K. b i\ = [°j !] \ G and *» _ <*(**) < a * < ^ < & i < ^ + for to < i < n. 

Because both H and its complement meet every non-trivial interval in a set of non-zero measure, Lemma 
3Cb tells us that there are sequences (ii)»< m , (ui)i <m such that 

ti G -D (~l [aj, ttj G D n [a^, 6j] for all i < to, 
+ tj G i?, + Uj ^ H whenever i < j < m. 
Now if we set Ui — U for to < i < n, both (([a^, U))i< n and (([oj, Ui))i<„ are McShane partitions of 
[0, 1] subordinate to 5. So we must have 

§ > II Ei<„(6i - - Ei<n(6i - = ill E,< m - ^(«i)H- 

Let Z > 2to be such that u\ + Uj G ffj whenever i < j < to. Then tj + tj ^ for i < j < to, so there is an 
f E A[ such that /(tj) = 1 for every i < to, while f(?ij) = for all except at most one i < m. Consequently 
E i<m f(U) - f(ui)\ > to - 1. But / = f r for some r, so || E i<m - 0(«i)|| > m - 1, and | > 2^1 > |, 
which is absurd. 

Thus 4> is not McShane integrable, and provides the required example. 

Remark Because <f> is Talagrand integrable, it must be Pettis integrable; thus we see that the condition 
is measurable' in Gordon's theorem (ICa) is necessary. 

3F We conclude with notes on two well-known examples. 

Example There is a bounded McShane integrable, Talagrand integrable function <p : [0,1] — > L°°([0, 1]) 
which is not Bochner integrable. 

proof Let <p(t) be the equivalence class in L°° of the characteristic function of the interval [0, t] for each t. 
As remarked in [Ta84], exercise 3-3-2, <j) is Talagrand integrable but not Bochner integrable; as remarked in 
[Go90], p. 567, in a slightly different context, <j) is McShane integrable. 

Remarks We observe indeed that <j> above could be called 'Riemann integrable', as its integrability can 
be witnessed by constant gauge functions. It is easy to see that such a function must be both McShane 
integrable and Talagrand integrable. 

Because the unit ball of L°°([0, 1]) is w*-separable, there is an isometric embedding of L°°[0, 1] in ^°°(N) 
(indeed, L°°([0, 1]) is isomorphic to ^°°(N) - see [LT77], p. Ill), so there is a bounded McShane integrable, 
Talagrand integrable function from [0, 1] to ^°°(N) which is not Bochner integrable. 

3G Example There is a McShane integrable function <p ■ [0, 1] — > ^ 2 (N) which is not Talagrand integrable. 

proof Let e„ be the nth unit vector of ^ 2 (N) and set 4>{t) = 2 n (n + l)" 1 e„ for 2" 11 " 1 < t < 2~ n . Then 
/ \\4>\\ = oo so (p is not Talagrand integrable, but by [Go90], Theorem 15, it is McShane integrable. 
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